This paper describes the modal interaction between a panel and a heavy fluid cavity when the panel is excited by a broad band force in a given frequency band. The Dual Modal Formulation (DMF) allows describing the fluid-structure coupling using the modes of each uncoupled subsystem. After having studied the convergence of the modal series on a test case, we estimate the modal energies and the total energy of each subsystem. An analysis of modal energy distribution is performed. It allows us to study the validity of SEA assumptions for this case. Added mass and added stiffness effects of the fluid are observed. These effects are related to the non resonant acoustic modes below and above the frequency band of excitation. Moreover, the role of the spatial coupling of the resonant cavity modes with the non resonant structure modes is also highlighted. As a result, the energy transmitted between the structure and the heavy fluid cavity generally cannot be deduced from the SEA relation established for a light fluid cavity.
INTRODUCTION
The fluid-structure interaction between a flexible structure and an air cavity has been studied frequently by many authors [1] [2] [3] [4] [5] , in particular in the framework of Statistical Energy Analysis (SEA) models [5] [6] [7] [8] [9] . The Dual Modal Formulation (DMF) [10] of the structure-cavity system consists in considering the in-vacuo modes of the structure and the rigid wall modes of the cavity. The modal equation of motion shows that each mode of one subsystem is coupled with the modes of the other subsystem. There is no direct coupling between the modes of the same subsystem, as shown in Fig. 1 . Fig. 1 . Illustration of the modal coupling for an air cavity-structure excited by a broad band force.
As air is a light fluid (i.e. small bulk modulus), there is considerable impedance discontinuity between the structure and the cavity. The global modes of the system are similar in shape and frequencies to the subsystem modes. The coupling between the structure and the air cavity is "weak", which is an assumption of the classical SEA model [11, 12] . Indeed, under this assumption, the SEA assumes that the interaction between the structure and the cavity for a broad band excitation can be sufficiently described by the interactions between the resonant modes of each subsystem, as illustrated in Fig. 1 . Then, the energy sharing between the two subsystems in a given frequency band can be estimated from the energy sharing by its resonant modes. Moreover, in the classical SEA formulation, the power flow between two resonant modes is estimated from a relation established for two coupled oscillators excited by uncorrelated white noise.
STRUCTURE MODES CAVITY MODES FREQUENCYBAND EXCITATION RESONANT MODES
f Considering these two assumptions (i.e. resonant mode domination, power flow estimate by pairs of modes) and assuming modal energy equi-partition, the SEA model indicates that the power flows from the structure to the cavity s c E −> are proportional to the difference of the mean of the modal energy of the structure s e and the cavity c e : 
where c ω is the central angular frequency of the frequency band considered, s N is the number of resonant modes of the structure and s c η − is the Coupling Loss Factor (CLF)
between the structure and the cavity.
The Coupling Loss Factor expresses the coupling strength between the two subsystems. Different methods exist for estimating this parameter for a structure-cavity system. It can be approximated from the radiation efficiency of a baffle plate. In this case, it is independent from the damping loss factor of the structure. Another method consists in summing the modal coupling factors of pairs of resonant modes [7] . Fahy used this technique to estimate the response of a containing structure to broad-band sound in the enclosed air [7, 8] . The response was usually found to be the same as that of a diffuse acoustic field in the external fluid above a "lower limiting frequency" determined by the geometry and the mechanical properties of the system. He also showed that few pairs of modes contribute significantly to the energy sharing between the structure and the cavity due to the spatial and frequency coincidence phenomena.
Comparisons with experimental measurements were performed to validate his developments. The cases considered by Fahy were academic: a rigid rectangular box with a simply-supported flexible wall and a closed cylindrical shell with the enclosed air. More recently, Torato and Guyader [13] have extended this technique to complex systems by extracting the modal information with Finite Element models of each subsystem (i.e. structure, cavity). Culla and Sestieri [14] studied the validity of the SEA relation (1) for a structure-cavity system. The results of a deterministic model were compared with the SEA results for a rigidly bounded air cavity coupled with a simply supported plate excited by mechanical forces. The authors found that the results agree well if the modal overlap factors of the plate and the cavity are greater than one. This condition is one of the basic assumptions of the SEA method [6] . Indeed, the modal energy equipartition assumption is not respected for low modal overlap as highlighted in [15] . Recently, Lei et al. [9] proposed an improved SEA model for predicting the structural response and noise reduction of acoustical enclosures. The model presented included the resonant and the non resonant responses of panels. Good agreement between the prediction and measured results was observed even when few modes were resonant.
All the works mentioned above concern a flexible structure coupled with an air cavity. In this paper, we are interested in studying the influence of a heavy fluid in the cavity instead of a light fluid like air. This case has applications in the nuclear and the submarine industries. For example, for the design of the Sonar dome of a submarine, it could be relevant to estimate the noise level in the Sonar cavity when the dome is excited by pressure fluctuations in the turbulent boundary layer [16] . The dome may be represented by a thin flexible structure, the Sonar cavity by an enclosure filled with water and the sea water by a "semi infinite" fluid medium. In the present paper, the effect of the sea water on the dome will not be investigated. Different studies have already highlighted the added mass effect of a "semi-infinite" fluid environment on the vibrating structure for frequencies below the critical frequency [17] . In the present paper, we will focus our attention on the modal interaction between a thin structure and a closed cavity filled with a heavy fluid. In the SEA formulation, the two assumptions described above (i.e. resonant mode domination and power flow estimated by pairs of modes) are generally valid for a light fluid. We will study their validity in the case of heavy fluid in order to apply an SEA method or to develop an adapted SEA method for this case in the future. Liu et al. [18] were interested in modelling liquid-structure interactions within the framework of statistical energy analysis. However, in their work, they assume that the SEA relation (1) is valid for cavities filled with water, though without providing evidence. In another context, David and Menelle [19, 20] highlighted the added mass and added stiffness effects of a heavy fluid-filled cavity to a vibrating structure. They used a ( ) u,φ formulation of the problem including the static displacement potential and the static pressure.
Comparisons of their results with experimental measurements showed very good agreement. The test case considered in [20] cannot be considered in the present study because the plate and the cavity have very few modes up to 5 kHz. For the purposes of validation, however, we will present a comparison of the DMF results with their results.
Our analysis will be based on a test case composed of a rectangular flat plate coupled with a parallelepiped water-filled cavity. This case has been chosen for its simplicity. The modal information of each subsystem can be calculated analytically. This enables us to facilitate studying the convergence of the modal decomposition for the present case. Finite element models could be used to extract the modal information for more complex cases [13] , with increased computing effort. This is not however the objective of this study.
The present paper is organised as follow:
-In section II, we will recall the results of the Dual Modal Formulation which enables us to represent the fluid-structure interaction of the thin structure -cavity system from the interaction of the uncoupled modes of each subsystem (structure and cavity). We will establish the relations between the modal amplitudes, the modal energies and the total energy of each subsystem. Finally, we describe the calculation process used for evaluating the energy for broad band excitation; -Section III presents the plate-cavity test case and a study of the convergence of the modal series when the cavity is filled with a heavy fluid (water). A reference result is obtained by performing Finite Element calculations with a direct resolution. The comparisons highlight the influence of the non-resonant modes of the plate and the cavity. The DMF results are also compared with the results obtained by David and Menelle [20] in appendix A for the purposes of validation; -Section IV deals with the analysis of the modal energy distributions between the plate and the cavity considering the non-resonant modes. The effects of these non-resonant modes are discussed on the basis of the modal equations. The well-known fluid added mass effect is expressed in terms of non-resonant contributions and an added stiffness effect and the role of the first non-resonant plate modes are highlighted. An approximate model of the modal interaction is finally deduced.
-In section V, we will compare, for different damping and different frequencies, the energy responses obtained with the classical SEA with those obtained with the DMF (basic or approximate models). The different effects described in section IV are then studied as a function of the frequency and the damping of the plate. The paper will be concluded by perspectives on the present developments.
DUAL MODAL FORMULATION (DMF)
DMF can be used for calculating the force response of two coupled subsystems from the knowledge of the uncoupled subsystem modes. This modal formulation has long been known for describing the dynamic behaviour of a flexible structure coupled with a close acoustic domain. A Green formulation [10, 21] or a variational formulation of the fluid-structure problem [22] may be used for obtaining the modal equation of motion. Otherwise, DMF has been extended to the general case of the coupling of two elastic continuous mechanical systems [23] . The modal interaction diagram obtained with this formulation is similar to the diagram assumed in the classical SEA formulation [6] (see Fig. 1 ). This approach is therefore well adapted for investigating the effect of a heavy fluid cavity on the SEA method. Let us consider the internal vibro-acoustic problem presented in Fig 2. The vibrating structure is coupled with a rigid-walled acoustic cavity of volume 1. S is the fluid-structure coupling interface and S r is the rigid wall surface. The structure is assumed to be thin, elastic and homogeneous. h , ρ , 1 η are, respectively, the thickness, the mass density and the damping loss factor of the structure. A random point force applied at point e Σ excites this structure.
Calculation of the forced response
The Auto-Spectrum Density (ASD) of the force, FF S is assumed to be constant (i.e. white spectrum) in the frequency band with a central frequency c ω and a width ω ∆ . The internal fluid is modelled with the Helmholtz equation. 0 c , 0 ρ , 2 η are the celerity, the mass density and the damping loss factor, respectively, of the fluid.
Formulation
Let us consider DMF which is based on modal decompositions with the modes of each uncoupled subsystem [10, 23] . The thin structure is described by a displacement field (i.e. normal displacement) and its uncoupled-free modes (i.e. in-vacuo structure modes) whereas the cavity is described by a stress field (i.e. acoustic pressure) and its uncoupled-blocked modes (i.e. rigid wall cavity modes). These uncoupled modes can be easily calculated analytically for academic cases ( [7, 8] ) or numerically with Finite Element models for complex cases ( [13] ).
Elastic thin-shell structure (S)
Rigid wall (S r )
The modal expansions of the normal displacements, W and the acoustic pressure, p may be written:
where: -p W and p χ , are, respectively, the displacement shape and the amplitude of the p th mode of the structure; -q p and q ξ , are, respectively, the pressure shape and the amplitude of the q th mode of the cavity. Hereafter, the space and time dependencies of the notation will be deleted but they are still considered. DMF consists in introducing these expansions (2-3) in a weak formulation of the vibro-acoustic problem considered and using the orthogonality properties of the uncoupled modes. For more details on this formulation, the reader can study Ref. [10, [21] [22] [23] .
Finally, with the change of variable, , and =
with 0 F , the amplitude of the external force; -q K is the generalised stiffness of mode q:
-p ω and q ω are the modal angular frequencies of mode p and q, respectively, -pq W is the work of interaction between mode p and q:
It can be observed that the equation system (5) can be interpreted as the coupling between a set of oscillators associated with the thin structure with another set of oscillators associated with the cavity. The coupling elements called gyroscopic elements are related to the oscillator's velocities without dissipation of energy (due to the opposite signs in Eq. 5). On the other hand, there is no direct coupling between the oscillators of the same subsystem. This configuration of mode coupling is exactly what is assumed by SEA ( [6] ).
In theory, the modal decompositions (2) and (3) need an infinite number of terms. In practice, SEA considers only the resonant modes contained in the frequency band of excitation and assumes that these modes are sufficient for describing the vibro-acoustic behaviour of the system considered. This assumption will be studied in sections 3 and 4 of this paper. In the present developments, we consider that the structure may be described by P modes and the cavity by Q modes without describing how these modes are selected.
Resolution
The time-averaged energy of each subsystem will be estimated in section 2. 
with the matrices:
( )
[ ]
The solution of this system is given by:
( ) 
Since matrix 22 Z is diagonal, its inverse is easily calculated. Eq. (14) requires inverting a square matrix P P × (i.e. matrix of dimensions equal to the structure mode number). The time necessary for this calculation does not depend on the mode number Q considered for the cavity. It is then possible to consider a large mode number for the cavity provided that these modes can be calculated.
Relations between modal amplitudes, modal energies, and subsystem energies
The modal amplitude calculated with relations (14) and (15) can be used to estimate the modal energy distribution and the total energy of each subsystem. We establish here the different relations for the cavity. Similar ones can be obtained for the panel.
Let us consider the instantaneous strain energy of the cavity given by ( ) ( )
Introducing the modal expansion of the acoustic pressure (3) and taking the mode's orthogonality into account, we obtain
where
represents the kinetic energy of the q th oscillator (of mass q K ).
The strain energy of the cavity is therefore related to the modal kinetic energy. This result, which may appear surprising, is due to the fact that the displacement (i.e. amplitude) of the oscillator corresponds to the modal pressure.
Similarly, the kinetic energy of the cavity is related to the modal strain energy:
By adding Eqs. (17) and (18), we deduce that the total energy of the cavity is equal to the sum of its modal energies (defined as the sum of modal kinetic energy and the modal strain energy).
Then, if the considered modes are able to represent the vibro-acoustic behaviour of the panelcavity system, the total energy of a given subsystem can be obtained by summing its modal energies. This relies on the orthogonality of the subsystem modes, with no additional assumptions.
Calculation process for estimating the time-averaged energies
To reach agreement with the SEA method, it is necessary to evaluate the time-averaged energies of each subsystem considering the white noise force in the frequency band ω
∆ .
In what follows, the time averaged energy ( )
Applying the frequency decomposition adapted to stationary random processes [24] , the timeaveraged energies for the mode p of the structure can be estimated by,
and for mode q of the cavity by, 
H χ ω ) corresponds to the ratio of the modal amplitude p χ (resp. q ζ ) over the force amplitude for an harmonic excitation at the angular frequency ω . These quantities can be calculated using relations (14) and (15) c δω ω η η = ). Thus we can estimate the time-averaged energy of each mode and deduce the total energy of each subsystem by summation to obtain the quantities used by SEA.
NUMERICAL VALIDATION

Presentation of the test case
As shown in Fig. 3 , we consider a system composed of a rectangular simply-supported plate coupled with a parallelepiped cavity. The geometric and mechanical parameters are chosen to be relevant with a naval application concerning the Sonar dome-cavity system of a submarine. 
FEM simulation
A reference result is obtained by using the Finite Element (FE) method. The FE meshing shown in Fig. 3 was defined to authorise calculations up to 800 Hz. The frequency range [1 Hz -800 Hz] is well below the critical frequency of the 8 mm thick plate immerged in water (around 28 kHz). For these frequencies, the flexural wavelength of the plate is much smaller than the acoustic wavelength of the cavity. The criterion for the element size (i.e. 6 elements per wavelength) was based on the flexural wavelength, both for the plate meshing and the cavity meshing, in order to deal with coincident meshing. This makes it possible to provide a fine description of the radiated pressure field close to the plate (due to evanescent waves). The FE discretisation of the motion equation of the fluid-structure problem for a harmonic excitation on the plate may be written as:
where: -U and P represent the nodal displacements of the structure and the nodal pressure in the cavity, respectively; -F are the nodal forces applied on the structure; -S M and S K are the mass and stiffness matrices, respectively, of the structure;
-F M and F K are the mass and stiffness matrices, respectively, of the cavity; -A is the fluid-structure interaction matrix, and subscript T refers to the transposed matrix.
The damping effect is introduced by considering a complex Young modulus for the structure and a complex celerity in the fluid. S K and F K are therefore complex matrices. Two Finite Element codes were used to generate the matrix system (23) M . The use of SDtools was necessary because the "diagonally lumped mass" matrix calculated by MSC/NASTRAN did not give satisfactory results. Indeed, in this case, the mass matrix was approximated by distributing the element mass in the nodal translational directions. No inertial terms were considered for the nodal rotational direction. The results converged slowly as a function of mesh fineness (as observed in [26] ). On the contrary, the "consistent mass" matrix was defined consistent with the shape functions and the variational formulation of the problem. It preserved angular momentum (see Chap. 32 of [27] for details on consistent mass matrices). We observed that these rotational terms played a significant role in the interaction of the structure with the heavy fluid and cannot be neglected. The different matrices were imported in MATLAB and the system (23) was solved for each frequency with the inverse matrix method. These calculations were performed in the band [1 Hz -800 Hz] with a frequency resolution of 1 Hz. We underline that these FEM calculations did not use modal expansions and are quite appropriate for studying the convergence of the modal series of the DMF calculation. 
Comparison between DMF and FEM results
DMF calculations were performed by considering the subsystem modes contained in the enlarged frequency band [0 Hz -1200 Hz]. 156 plate modes and 22 cavity modes were therefore considered. The modal information and the modal interaction work of the present case are given in appendix B. To ensure consistency with the hysteretic damping model of the FE simulation, it was necessary to consider a modal hysteretic damping instead of a modal viscous damping in the DMF equation (9) . Then, for these validation calculations, we considered the following impedance matrices (instead of (11, 12) ): In Fig. 4 we compare the DMF (dotted line) and FE results (full line) for two receiving points: one on the plate and the other one inside the cavity. Large discrepancies can be seen, indicating that the modes considered and the DMF equations cannot describe the behaviour of the present system correctly. Contrary to a light fluid, the resonant modes of each subsystem are not accurate here for describing the behaviour of the coupled subsystem. This is due to significant contributions of the non-resonant acoustic modes which coincide spatially with the resonant structure modes. As we will see later, spatially coincident acoustic modes create an added mass effect to the structure which is not taken into account in the DMF calculation. These spatial coincidences intervene in the DMF equations through the intermodal work pq W (see Eq. (B.7)). In order to highlight the strongest spatial couplings, in Fig. 5 We observe that the plate modes with a frequency higher than 100 Hz exhibit significant intermodal work with non resonant cavity modes (i.e. modes with a frequency higher than 800 Hz). These plate modes coincide spatially with non-resonant cavity modes. Equation (B. 
This relation gives us a first approximation of the frequency of the cavity modes which coincide spatially with a given plate mode. This is illustrated in Fig. 5 where a dashed curve corresponding to (25) Contrary to the first DMF calculation including only the modes below 1200 Hz, we observed good agreement between this second DMF calculation and the FE one for the receiving point on the plate as well as for the receiving point inside the cavity. The two curves (i.e. dashed and full) appear to be almost superimposed. This validates the convergence of the DMF for the present case. Moreover, these results point out that it is necessary to take into account the acoustic modes which coincide spatially with the structure modes, even if these acoustic modes are non resonant and are in a high frequency range. These modes are associated with the quasi-incompressibility of the fluid in [20] and are called the uncompressible acoustic modes. It is needed to take them into account in order to simulate the added mass effect of the heavy fluid. This point contrasts with the classical SEA assumption which only considers the resonant modes of the frequency band of excitation. In the next section, we will analyse the effect of these non resonant modes on the modal energy distribution of each subsystem. For the final validation of the DMF calculation for heavy fluid cases, a comparison with results published in the literature [20] is proposed in appendix A.
ANALYSIS OF THE MODAL INTERACTION FOR A BROAD BAND EXCITATION
Modal energy distribution
Here we consider the test case defined in section 3. It can be seen that the highest energy modes on the MED of the plate do not necessarily fall inside the frequency band of excitation. There is a frequency shift which could be attributed to an added mass effect of the fluid, as will be seen in section 4.2. Moreover, it can be observed that the first plate modes have a slightly higher energy level than modes closer to the frequency band of excitation. It will be seen later on that this is due to spatial coincidences of the first plate modes with the resonant cavity modes. For the MED of the cavity, the highest energy modes are contained in the frequency band of excitation. However, we also observe that the energy of certain high frequency modes may be significant. If we consider equation (25) with 2500 Hz
which is approximately the frequency above which the high frequency modes have significant energy. This seems to indicate that these modes are spatially coincident with the resonant plate modes. At this stage, we can underline that the total energy of the plate (resp. cavity) is not necessarily twice the kinetic energy (resp. strain energy) as assumed in SEA. For example, for the plate, is can be seen that for a first class of frequency modes well below the excitation frequencies, their strain energies are negligible compared to their kinetic energies while for a second class composed of frequency modes inside or close to the frequency band of excitation, their strain and kinetic energies have almost the same magnitudes. This difference can be easily explained by Eq. (20) and the difference between the modal frequency and the excitation frequencies. The result is that for the first class, the total energy (of a given mode) can be approximated by its kinetic energy while for the second class, the total energy can be approximated by twice its kinetic energy. This latter approximation is classically used in SEA. As pointed out here, it is valid only if the resonant modes contribute mainly to the subsystem responses. As observed in Fig. 6 , the non resonant modes of the cavity can make a significant contribution, in which case conformity with the classical SEA approximation may not achieved for a heavy fluid cavity. For the present case, we obtain a kinetic energy of -44.2 dB (ref. 1 J) while the strain energy is -39.7 dB. An error of almost 2 dB can be introduced if we consider that the total energy is twice the strain energy (-36.7 dB against -38.7 dB for the true value). This emphasises the fact that particular attention should be paid to the relations between the different energies when the contribution of non resonant modes is significant.
Added mass and added stiffness
Certain observations were made in the previous section. We now investigate the DMF equations in order to analyze the modal interaction and find explanations for the previous observations.
Theoretical developments
Since a significant effect of the non resonant cavity modes is observed, we organise these modes into three groups , , We introduce approximations in (14) . To do this, we break down the matrices 22 Z and 12 W accordingly with the different sets of modes: 
With this decomposition, Eq. (14) can be written in the form ( ) We underline that added mass and added stiffness effects have already been highlighted in Ref. [20] for a plate coupled with a water filled cavity. These effects are related to incompressible acoustic modes for heavy fluids. In this reference, a ( ) u,φ formulation (where φ is a fluid displacement potential) is considered and the static displacement potential is taken into account. This last term is evaluated by two techniques: a modal expansion on the acoustic modes and an analytical calculation available for a rectangular plate coupled to a parallelepipedic cavity. The first technique gives an approximate expression of the added mass matrix as a function of the acoustic mode shapes. The diagonal terms are similar to the added mass given by Eq. (33). A difference occurs on the modes retained in the summation. This can be explained by the fact that the added mass of the present paper represents only the effect of the non-resonant modes of frequency above the frequency band of excitation (i.e. modes of nr Q + ) whereas the added mass defined in [20] represents the effect of "all" the acoustic modes (of the truncated set defined in [20] ). It is more difficult to achieve a comparison of the added stiffness as the quantity defined in the present paper is directly related to the mode set nr Q − which depends strongly on the frequency band of excitation. Due to a difference of definition, this dependency of the added stiffness does not appear in [20] .
From these added mass and added stiffness terms, a modified modal frequency can then be defined by
The response of the resonant cavity modes can be deduced with 
Equations (31) and (35) can be interpreted as the results of the coupling of modified plate modes (taking the added mass and stiffness into account) with the resonant modes r Q of the cavity. In what follows, the model related to these two equations is called the "approximate DMF" whereas the model related to equations (14) and (15) is called the "basic DMF". With this approximate model, the energies of the non resonant modes of the cavity are not obtained directly because their amplitudes are not explicitly calculated. Their energies are, however, related to the kinetic energy associated with the added masses and the strain energy associated with the added stiffness. For example, the kinetic energy of the added masses is expressed by ( )
On the other hand, the part of the cavity's kinetic energy represented by the cavity modes nr Q + is obtained by summing the strain energy of these modes (in accordance with (18) 
Introducing (38) in (37), we show that
The part of the cavity's kinetic energy represented by the cavity modes nr Q + is therefore equal to the kinetic energy of the added masses. As (30) is assumed, the part of strain energy of the cavity represented by the same modes nr Q + is assumed negligible. Then, the part of the total energy of the cavity represented by the modes nr Q + is given by the kinetic energy of the added masses. Similar reasoning can be used for evaluating the part of the total energy of the cavity represented by the modes nr Q − from the strain energy associated with the added stiffness.
Numerical application
A numerical application of the previous developments is proposed in this section. We consider the same case as in section 4.1. To illustrate the added mass effect, in Fig. 7a (33)) is plotted as a function of the plate modal order, p. These values can be compared to the normalised added mass calculated for an infinite thin plate loaded by a heavy fluid on one side, M ∞ (see [17] ):
where 0 and f k k are, respectively, the acoustic wavenumber of the heavy fluid and the flexural wavenumber of the plate at the angular frequency ω . Fig. 7a . We observe that for the modes above 400 Hz, their normalised added masses can be approximated by those of the infinite plate at frequencies corresponding to the modal frequencies. For modes below 400 Hz, the infinite plate model overestimates the added mass. This is certainly due to the fact that, contrary to the infinite plate, the cavity has a finite dimension in the direction perpendicular to the plate. The volume of the fluid moved by the wave motions of the plate (of large wavelengths) is limited by the sizes of the cavity. In other word, the added mass must normally be limited to the total mass of the fluid contained in the cavity, which is not infinite. For the normalised added stiffness / p p K K plotted in Fig. 7b , the values decrease when the modal frequencies increase and they are significant (i.e. greater than 0.1) for frequencies below 1000 Hz. Only the low-frequency non-resonant plate modes are then concerned by this effect for the present case. As already mentioned above, we remember that this added stiffness is directly related to the frequency band of excitation. It represents the effect of the non resonant acoustic modes below the frequency band of excitation. If the latter changes, the added stiffness may change.
These two effects lead to a modification of the modal frequencies (34): the added stiffness tends to increase the frequency whereas the added mass tends to decrease it. We compare the initial modal angular frequency p ω with the modified one p ω in Fig. 7c . The added stiffness significantly increases the frequencies of the "first" plate modes which remain outside the frequency band of excitation. These plate modes remain non-resonant. For these "first" modes, the added stiffness effect is greater than the added mass effect, which explains why p ω is greater than p ω .
The other plate modes are more influenced by the added mass than by the added stiffness. Their modal frequencies decrease compared to the initial ones. If we plot the plate's MED as a function of the modified modal angular frequency p ω (not shown here), we observe that the highest energy modes are contained in the frequency band of excitation (contrary to Fig. 6 for which the MED was plotted as a function of the initial modal frequency). The added mass due to the non resonant modes of cavity nr Q + explains the frequency shift observed previously in section 4.1 (i.e. Fig. 6a ).
In order to validate the approximations used to obtain the approximate DMF model (i.e. Eqs.
(31) and (35)), we compare in Fig. 8 the MEDs obtained with the basic and the approximate models. Globally, the MEDs are correctly described by the approximate model. However, some discrepancies can be observed. They vary from one mode to another and are caused by the fact that we have ignored the direct coupling between the plate modes introduced by the non resonant modes of the cavity (i.e. the diagonal terms of 12 12 . White noise excitation in the 2500 Hz third octave band (cut-off frequencies of this band symbolised by vertical dashed line).
These discrepancies have little influence however on the estimation of the total energy of the plate and the cavity. Indeed, for the plate, we obtain an energy level of -33.7 dB (ref. 1 J) with the basic model versus -33.5 dB with the approximate model. For the cavity, the comparison can be performed for: -(a), the resonant energy of the cavity (which corresponds to the energy of the resonance cavity modes). The basic model gives -41.8 dB against -41.1 dB for the approximate one;
-(b), the total energy of the cavity. In this case, the result of the approximate model is obtained by adding the resonant energy of the cavity with the energies of the added masses and added stiffness (which represent the energies of the non resonant cavity modes as developed in section 4.2.1). The "basic" model gives -38.7 dB against -38.5 dB for the approximate one.
These energy results given by the "approximate" DMF model are fully satisfactory and validate the assumptions made for this case. Moreover, the comparison of the resonant energy with the total energy of the cavity (-41.8 dB with -38.7 dB) shows here that the non resonant modes of the cavity significantly contribute to its energy response.
Influence of the coupling of non resonant plate modes in spatial coincidence with the resonant cavity modes
In Fig. 6a we saw that many non resonant plate modes have a low energy level compared to the highest energy modes. Thus these modes have a potentially negligible effect on the response of the plate-cavity system. In this section, we study the influence of these non resonant modes of the plate on the energy response of the plate and the cavity. We define the set of resonant modes r P and non-resonant modes , 
(41) DMF calculations without the non-resonant modes nr P + show that these modes have a negligible effect on the response of the plate and the cavity. This could be expected as these modes are excited little by the external force and they are not strongly coupled with the resonant cavity modes, since they are not in a space or frequency coincident with these modes.
Conversely, DMF calculations without the non-resonant plate modes nr P − show that these modes have a significant effect on the total energy of the cavity (while the energy of the plate is not influenced). For the same case as Fig. 6 , we compared the MED of the resonant modes of the cavity for two DMF calculations: one with and the other without modes nr P − (results not plotted here). We observed that the second calculation almost systematically overestimates the energy of the cavity modes. It gives a total energy for the resonant modes of -39.2 dB against -41.8 dB for the first calculation. Some modes of the set nr P − therefore play the role of pumping the energy of the cavity modes. By studying the significant intermodal work in Fig.  5 , the "first" plate modes (i.e. modes of frequency below 500 Hz) appear to coincide in space with the resonant cavity modes. Although these "first" plate modes and the resonant cavity have very different frequencies, they can exchange significant energy due to their spatial coincidence. The response of these plate modes results from an equilibrium between the power flows from the external excitation and the resonant cavity modes. In the present case, this equilibrium leads to significant power exchanged from the resonant cavity modes to the "first" plate modes. Part of the energy of the resonant cavity modes is then pumped by the first non resonant plate modes. This also explains why we noticed in Fig. 6 that the "first" plate modes have more pronounced energy level than "higher" modes which are nevertheless closer to the band of excitation.
Synthesis of the modal interaction
On the basis of the previous discussions, Fig. 9 represents the modal coupling scheme for an excited plate coupled with a heavy fluid cavity. We show that the behaviour of the cavity's non-resonant modes can be represented by added masses and stiffness on the plate modes. This results in a modification of the modal frequency of these plate modes. The resonant plate modes can then defined in relation to the modified modal frequency and the plate modes above the frequency band of excitation can be ignored. Conversely, the non-resonant plate modes in space coincident with the resonant cavity modes can participate significantly in the power exchanged between the structure and the cavity and they cannot be neglected in general. 
FREQUENCY RESPONSE OF THE PLATE/WATER-FILLED CAVITY SYSTEM
In this section, we analyse the energy response given by different calculations for one third octave band excitations from 500 Hz to 16 kHz. Three DMF calculations are considered: -A "basic" DMF calculation as defined in section 3. It takes into account the non resonant cavity modes. It constitutes the reference here; -An "approximate" DMF calculation as defined previously in section 4.
-A "resonant" DMF calculation which takes only the resonant modes of the "approximate" DMF model into account.
For each third octave band, Tab. 1 gives the total mode number taken into account by the "basic" DMF calculation and the number of resonant modes of each subsystem. A SEA calculation is also performed to compare its results to the DMF ones. Details of the SEA model are given in appendix C. An added mass effect of the fluid is taken into account in the calculation of the coupling loss factor and the plate modal density through an effective mass density ( [17] ). We underline that the SEA method gives us the total energy of each subsystem represented by their resonant modes. The energies related to non-resonant modes are not evaluated by this model. The SEA results are given here to evaluate its accuracy. They do not constitute a reference as we know that some of its assumptions (i.e. weak coupling, resonant transmission) are not fully respected. Comparison with the "basic" DMF which can be considered as the reference allows us to evaluate the errors induced by the non respect of the SEA assumptions. Tab. 1 indicates that the number of resonant modes of the two subsystems is higher than 6 from the third octave band, 800 Hz. This is a condition of validity of the SEA method. However, the SEA results are plotted for frequencies below this limit frequency as an indication.
The total energy of the plate was evaluated for each third octave band by the four calculations described above. They give very similar results (not plotted here): an energy level of around -34 dB for each third octave. The "resonant" DMF and SEA calculations work. This indicates that the resonant modes of the plate are sufficient for describing the energy response of the plate. This could be expected as the plate is directly excited by the external force. On the contrary, in Fig. 10a , the results for the resonant energy of the cavity depend on the calculations. The "approximate" DMF model gives the same tendency as the "basic" DMF. Some discrepancies can be observed when the cavity has few resonant modes. This can be explained by the fact that cross terms were neglected in Eq. (31). On the other hand, it can be observed that the "resonant" DMF model deviates significantly from the "basic" DMF and "approximate" DMF ones. The difference between the "resonant" DMF and the "approximate" DMF lies in the non resonant plate modes which are not taken into account in the first model. Therefore, the discrepancies observed in Fig. 10a may be attributed to the contribution of the non resonant plate modes in spatial coincidence with the resonant modes of the cavity. For frequencies lower than 8 kHz, these plate modes pump part of the energies of the resonant cavity modes, whereas for higher frequencies, they contribute part of their energy to the cavity modes. This behaviour cannot be described by classical SEA which gives results similar to those of the "resonant" DMF model. Indeed, as SEA is based on a fundamental relation established for two oscillators excited by white noise forces [6] , it can only describe the energy sharing between resonant modes. For the phenomenon of interest here, the energy is shared between the resonant acoustic modes and the non resonant structure modes. The fundamental SEA relation cannot be used to describe these exchanges.
The total energy of the cavity (taking the non resonant contributions into account) is proposed in Fig. 11a . The "basic" DMF and "approximate" DMF give very close results. The discrepancies observed in Fig. 10a in the lower part of the frequency domain are not found here because the non resonant contributions are dominant at these frequencies and are correctly described by the "approximate" DMF model (from the energies of the added masses and stiffness). By comparing the results of Figs. 10a and 11a, it can be seen that the non resonant modes have a significant contribution up to about 5 kHz.
To complete this discussion, we perform a second set of calculations considering a damped plate with an internal loss factor of 10% (i.e. 1 0.10 η = ). The different models give similar results for the plate (not plotted here). The plate energy decreases between 8.5 dB and 10 dB compared to the previous case. At first sight, we can expect a decrease of exactly 10 dB. Indeed, if we consider the SEA energy balance (C.1), plate energy 1 E can be approximated to 1 inj c P ω η by neglecting the power flow between the plate and the cavity compared to the input power. Then, if the plate damping loss factor is multiplied by 10, the plate energy should theoretically be divided by 10. The approximation made previously is however not fully satisfied for this case with a heavy fluid cavity, explaining why a value of exactly 10 dB is not obtained. dashed, resonant DMF; Fig. 10b shows the resonant energy of the cavity. The "approximate" DMF always gives satisfactory results. The discrepancies between this model and the "resonant" DMF are larger here than for the case of Fig. 10a . The SEA calculation also gives the same tendency as the "resonant" DMF. Again, these two calculations cannot describe the energy exchanges between the non resonant plate modes and the resonant cavity modes which are in spatial coincidence. These exchanges of energy appear greater when the plate damping increases. It can be noticed that the non resonant plate modes pump part of the resonant energy of the cavity for frequencies lower than 1.6 kHz and they contribute part of their energies for frequencies above this transitional frequency. The value of the transitional frequency has changed compared to the case of Fig. 10a (i.e. 1.6 kHz against 8 kHz). The equilibrium of the non resonant plate modes resulting from the interaction with the resonant cavity modes and the external force has changed. Indeed, increased plate damping directly induces a decrease of the energy of the resonant plate modes, and then of the resonant cavity modes (in frequency coincidence), whereas the energy of the non resonant plate modes is not significantly modified. The energy ratio between the non resonant plate modes and the resonant cavity modes is then modified when the damping increases, which may explain a change of the energy equilibrium. Fig. 11b gives the total energy of the cavity and shows good agreement between the "basic" DMF and "approximate" DMF calculations. Comparison of the results of Fig. 10b and 11b indicate that multiplying the plate damping by 10 does not lead to the same decrease of the cavity energy as the plate energy (i.e. between 8.5 dB and 10 dB). In the "high" frequencies, the decrease of cavity energy is limited to 4 dB. This behaviour results from the significant contribution of the non resonant plate modes which are not influenced by the damping. The SEA method cannot represent this effect because it describes only the energy sharing between the resonant modes. If we consider the SEA energy balance again (i.e. Eq. (C.1)), the energy ratio 2 1 E E is given by 12 2 21 η η η + which is independent from the plate damping loss factor. The SEA method therefore gives the same decrease of energy for the plate and the cavity when the plate damping loss factor increases. This is in contradiction with the "basic" DMF results which can be considered as the reference. Thus, the SEA method fails for the present case.
In conclusion, the results presented in this section have shown that:
(a) the "approximate" DMF gives results in accordance with the "basic" DMF; (b) SEA and "resonant" DMF models do not permit accurately describing the energy response of the cavity. The energy exchanges between the non resonant plate modes and the resonant cavity modes in spatial coincidence play a significant role that is not described by these two models;
(c) The increase of the plate damping for vibration and noise reduction is less efficient for the cavity energy than for the plate energy. The non resonant plate modes which are not influenced by the damping play an important role on this phenomenon.
CONCLUSIONS
The modal equations resulting from the dual modal formulation were considered in this paper in order to study the interaction of an excited vibrating structure coupled with a heavy fluid cavity. This formulation is used classically for a light fluid and the SEA formulation is also valid for a heavy fluid if enough modes are taken into account. A numerical study on a test case showed that convergence of the modal decompositions is possible if the non resonant cavity modes in spatial coincidence with the plate modes are sufficiently taken into account. The number of cavity modes necessary in the model can become significant. Analysis of the modal equations showed that the non-resonant cavity modes induce added masses and added stiffness on the plate modes which can be evaluated from the intermodal work.
The modal added masses were compared to the added mass induced by a semi-infinite fluid domain loading an infinite plate. Due to the finite size of the cavity in the direction perpendicular to the plate, we observed differences for the "first" modes (having a large modal wavelength). The semi-infinite added mass model is not valid for angular frequency 0 ω = (it tends towards infinity). Normally, the added mass must be limited by the total mass of the fluid contained in the cavity which is not infinite. For higher modes, the infinite plate model gave a correct estimation of the modal added masses. Accurate estimations of the added mass and added stiffness are proposed in [20] from the knowledge of the static displacement potential. The interest of using the explicit expressions given in [20] could be investigated in the future for the present approach. An "approximate" DMF model describing the non resonant modes of the cavity by their added masses and stiffness was proposed. This model was validated by different comparisons with the "basic" DMF model. In some situations, we observed that the part of the total energy of the cavity represented by its resonant modes can be lower than the part due to its non-resonant modes. This second part of the cavity energy can be estimated from the kinetic energy of the added masses and the strain energy of the added stiffness on the plate modes. The "approximate" DMF model can then estimate this part of the energy even if it does not explicitly estimate the response of the non resonant cavity modes. Moreover, the results highlighted a significant role played by the non resonant plate modes in spatial coincidence with the resonant cavity modes. Depending on the energy equilibrium, these modes can give energy to, or take it from, the resonant cavity modes. Due to this phenomenon and the weak influence of damping on the non resonant modes, increasing plate damping is less efficient on the cavity energy than on the plate energy. As classical SEA does not take these non-resonant modes into account, it cannot describe this behaviour correctly. Attention should be given to this point in the future in order to develop a SEA model dedicated to the heavy fluid case. The "approximate" DMF model is a good starting point for these developments. For a system with a complex geometry, the evaluation of the added masses and stiffness of the "approximate" DMF do not seem to be a problem. Indeed, the intermodal work can be estimated using finite element models for the low frequency modes [13, 23] while the infinite fluid loaded plate model can be used as an approximation of the added mass for the higher frequency modes. The main difficulty will consist in establishing the relation of energy exchanged between the non resonant structure modes with the resonant cavity modes. Indeed, the classical SEA relation established for two coupled oscillators assumes that the oscillators are excited by white noise excitation. Their responses are dominated by their resonances which is not the case for the non resonant structure modes. A study to elucidate this point should be performed in the future. 
APPENDIX B. SUBSYSTEM MODES AND INTERMODAL WORKS FOR THE PLATE-CAVITY SYSTEM
Let us consider the system described in section 3 composed of a rectangular simply-supported plate coupled with a parallelepiped cavity. The modal information used for the DMF calculation is given in this appendix for the present case. where D is the flexural rigidity of the plate.
B.1 -PLATE DISPLACEMENT MODES
B.2 -CAVITY PRESSURE MODES
We consider the rectangular cavity of dimension L x ×L y ×L z . The blocked modes considered in the DMF consist of the normal modes of the cavity with rigid walls. For mode q of orders The coupling loss factor from the cavity to the plate, 21 η , is obtained from the reciprocity relation, 21 12 1 2 n n η η = , (C.5)
where 1 2 , n n are the modal densities of the plate and the cavity, respectively. They can be estimated from the asymptotic formula, Using Eq. (C.2-C.7) for estimating the coupling loss factors and the injected power, the total energy of the plate and the cavity can be obtained by inverting the equation system (C.1).
